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We study inelastic neutrino scattering off hot nuclei for temperatures relevant under supernova
conditions. The method we use is based on the quasiparticle random phase approximation extended
to finite temperatures within the thermo field dynamics (TQRPA). The method allows a transparent
treatment of upward and downward transitions in hot nuclei, avoiding the application of Brink’s
hypothesis. For the sample nuclei 56Fe and 82Ge we perform a detailed analysis of thermal effects on
the strength distributions of allowed Gamow-Teller (GT) transitions which dominate the scattering
process at low neutrino energies. For 56Fe and 82Ge the finite temperature cross-sections are cal-
culated by taking into account the contribution of allowed and forbidden transitions. The observed
enhancement of the cross-section at low neutrino energies is explained by considering thermal effects
on the GT strength. For 56Fe we compare the calculated cross-sections to those obtained earlier
from a hybrid approach that combines large-scale shell-model and RPA calculations.
PACS numbers: 26.50.+x, 21.60.Jz, 24.10.Pa, 25.30.Pt
I. INTRODUCTION
The significant role played by processes involving neu-
trinos in core-collapse supernovae (type II supernovae)
is well known [1]. Until the core reaches densities of
ρ ∼ 1011 g cm−3, a substantial amount of the gravita-
tional energy of the collapse is radiated by neutrinos that
leave the star freely. However, at higher densities neu-
trino interactions with matter become important on the
time-scale of the collapse, leading to neutrino trapping
and thermalization. Supernova core-collapse simulations
require a detailed description of neutrino transport and
should in principle include all potentially important neu-
trino reactions.
It was first pointed by Haxton [2] that the neutral-
current inelastic neutrino scattering on nuclei involving
the excitation of giant resonances can lead to signifi-
cant neutrino cross-sections and, therefore, this process
should be incorporated into core-collapse simulations.
Shortly thereafter, this was done by Bruenn and Hax-
ton [3]. They found that the inelastic neutrino-scattering
on nuclei plays the same important role as the neutrino-
electron scattering in equilibrating neutrinos with matter
(see also Ref. [4]).
In their study Bruenn and Haxton approximated the
nuclear composition of the core by a single representative
nucleus, 56Fe. Moreover, the relevant cross-sections were
calculated by assuming that only allowed Gamow-Teller
and first-forbidden upward transitions from the nuclear
ground-state contribute to neutrino scattering. However,
supernova matter has a temperature of an order of 1 MeV
or higher and the neutrinos scatter off nuclei which are
in thermally populated excited states. As was first real-
ized in Ref. [5], upward and downward transitions from
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nuclear excited states to lower-lying states completely
remove the energy threshold for the inelastic neutrino-
nucleus scattering in the supernova environment and con-
tribute to a significant enhancement of the cross-section
for low-energy neutrinos. Moreover, and this is more im-
portant, due to downward transitions from nuclear ex-
cited states to lower-lying states neutrinos can gain en-
ergy after interacting with the nucleus, thereby assisting
in cooling the core and reducing its entropy. This is dif-
ferent to inelastic scattering with electrons where due to
the degeneracy of electrons neutrinos mainly loose en-
ergy.
An explicit calculation of reaction rates and cross-
sections at finite temperature can be performed by sum-
ming over Boltzmann-weighted, individually determined
contributions from nuclear excited states. However, for
T & 1MeV a state-by-state evaluation includes too
many states to derive the cross section for each individ-
ual state and, hence, is unfeasible. To overcome this
difficulty an approximate method to treat thermal ef-
fects on the inelastic neutrino-nucleus scattering was pro-
posed in [6] (see also Ref. [7]) within the so-called hy-
brid approach [8, 9]. In this method the contributions
of the allowed Gamow-Teller transitions to the neutrino-
nucleus cross-section are derived from large-scale shell-
model (SM) calculations, while the forbidden contribu-
tions are considered within the RPA.
To treat thermal effects within the hybrid approach,
the Gamow-Teller contribution to the cross-section is
split into the neutrino down-scattering (Eν′ < Eν) and
neutrino up-scattering (Eν′ > Eν) parts, where Eν , Eν′
denote the neutrino energies in the initial and final states,
respectively. For the down-scattering part the Brink hy-
pothesis was applied which states that GT distributions
built on nuclear excited states are the same as those for
the nuclear ground state but shifted by the excitation en-
ergy. Under this assumption, the down-scattering part of
2the cross-section becomes temperature independent. The
temperature dependence arises from the up-scattering
part which accounts for contributions of downward tran-
sitions from nuclear excited states. These contributions
are determined by ’inversion’ of the shell-model GT dis-
tributions for the low-lying states.
Large-scale shell-model calculations provide a detailed
strength distribution of charge-neutral Gamow-Teller
(GT0) transitions that strongly dominate the inelas-
tic neutrino-nucleus scattering at low neutrino energies
(Eν . 15MeV). However, being applied to hot nuclei,
this method has its own shortcomings mainly because
it partially employs the Brink hypothesis when treat-
ing GT0 transitions from nuclear excited states. As fol-
lows from experimental studies of giant dipole resonances
(GDR) in hot nuclei, the GDR strength function exhibits
a temperature dependence (see, e.g., the monograph [10]
and one of the latest reviews [11]), i.e., the validity of the
Brink hypothesis is not obvious. Moreover, theoretical
calculations performed for charge-exchange GT transi-
tions in the framework of the shell-model Monte Carlo
(SMMC) method demonstrate that with increasing tem-
perature the GT centroid shifts to lower energies and the
width of the distribution increases with the appearance
of low-lying states [12]. In addition, the present com-
puter capabilities allow application of large-scale shell-
model calculations only to iron group nuclei (pf -shell,
A = 45− 65), whereas neutrino scattering on more mas-
sive and neutron-rich nuclei also may play an important
role in various astrophysical scenarios. Thus, the problem
of an accurate description of inelastic neutrino-nucleus
scattering in the supernova environment is not solved
completely yet and alternative methods are desirable.
In [13], we have developed such an alternative ap-
proach to treat thermal effects on inelastic neutrino-
nucleus scattering cross-sections. This approach is based
on the thermal quasiparticle random phase approxima-
tion (TQRPA). We apply it in the context of the thermo
field dynamics (TFD) formalism [14–16] which enables
a transparent treatment of upward and downward tran-
sitions from thermally excited nuclear states and opens
possibilities for systematic improvements. This approach
was also recently used in studies of the electron capture
on hot nuclei under supernova conditions [17].
In [13], the thermal effects on the inelastic neutrino
scattering off the hot 54Fe nucleus were investigated. It
was shown that the TQRPA does not support Brink’s
hypothesis and leads to temperature dependent strength
distributions for allowed and forbidden transitions. As
a result, both the up- and down-scattering parts of the
cross-section are temperature dependent. Despite the
differences between the two approaches, the TQRPA
revealed the same thermal effect as was found in [6].
Namely, a temperature increase results in considerable
enhancement of the cross-section for neutrino energies
lower than the energy of the GT0 resonance.
In the present paper, we extend our previous study by
also considering inelastic neutrino scattering off neutron-
rich nuclei beyond pf -shell. In our calculations, we take
into account not only the first-forbidden transitions but
also contributions from higher multipoles. For the se-
lected iron isotope, 56Fe, we perform a detailed compar-
ison of the calculated TQRPA cross-sections with the
hybrid approach results and discuss the reason for the
observed discrepancy at low neutrino energies.
The paper is organized as follows. In Sec. II we
present some important features of the TFD formalism
and briefly outline how to treat upward and downward
transitions in a hot nucleus within the TQRPA. The de-
tails of our approach are expounded in [13, 17, 18]. In
Sec. II, we also provide the necessary formulas to cal-
culate inelastic neutrino-nucleus cross-sections at finite
temperatures. The results of the numerical calculations
are presented and discussed in Sec. III for the sample nu-
clei 56Fe and 82Ge. The conclusions are summarized in
Sec. IV.
II. FORMALISM
In the stellar environment during the core-collapse
phase all nuclear reactions mediated by the strong and
electromagnetic interaction are in equilibrium with their
inverse [1]. Neglecting weak-interaction mediated reac-
tions, nuclei are in thermal equilibrium with heat and
particle reservoirs and, therefore, can be described as a
thermal ensemble. In TFD, such an equilibrium ensemble
is represented by a temperature-dependent state termed
the thermal vacuum |0(T )〉 [19]. The thermal vacuum is
determined as the zero-energy eigenstate of the thermal
Hamiltonian, H = H − H˜ , and it satisfies the thermal
state condition
A|0(T )〉 = σAe
H/2T A˜†|0(T )〉. (1)
In the above equations H is the original nuclear Hamilto-
nian and H˜ is its tilde counterpart acting in the auxiliary
Hilbert space; an operator A acts in the physical Hilbert
space, A˜ is its tilde partner, and σA is a phase factor. The
thermal state condition guarantees that the expectation
value 〈0(T )|A|0(T )〉 is equal to the (grand)canonical av-
erage of A. In this sense, relation (1) is equivalent to
the Kubo-Martin-Schwinger condition for an equilibrium
(grand)canonical density matrix [20].
Weak-interaction processes, such as inelastic neutrino
scattering, induce transitions from the thermal vacuum
to excited states of the thermal nuclear Hamiltonian.
As follows from the definition of H, each of its eigen-
states with positive energy has a counterpart — the tilde-
conjugate eigenstate — with negative but same absolute
value of energy. Transitions from the thermal vacuum to
positive energy states (upward transitions) correspond to
excitation of the nucleus, while transitions to negative en-
ergy states (downward transitions) describe the decay of
thermally excited states.
3A. Thermal quasiparticle RPA
Let us now consider a general nuclear Hamiltonian con-
sisting of mean fields for protons and neutrons, pairing
interactions, and residual two-nucleon interactions:
H = Hmf +Hpair +Hres. (2)
To fix an average number of protons and neutrons we in-
troduce the respective chemical potentials into Hmf . The
residual interaction can contain both particle-hole and
particle-particle terms. We assume a spherically sym-
metric nucleus, although the deformation can be easily
included into the theory. Within the TQRPA, to find ex-
cited states of a hot nucleus, we first introduce thermal
quasiparticle creation (β†, β˜†) and annihilation (β, β˜)
operators which account for pairing correlations at finite
temperature. The structure of this operators is found by
diagonalizing the Hmf+Hpair part of the thermal Hamil-
tonian and simultaneously demanding that the vacuum
of thermal quasiparticles obeys the thermal state con-
dition (1). Then, to account for the long-range resid-
ual interaction, we introduce thermal phonon operators
Q†JMi, Q˜
†
JMi of given total angular momentum (J,M)
whose action on the thermal vacuum |0(T )〉 creates ther-
mal excited states, while the thermal vacuum itself is the
vacuum for the QJMi, Q˜JMi operators.
The structure and the energy of thermal phonons can
be found by applying either the variational principle or
the equation of motion method under two additional con-
straints: (i) phonon operators commute like bosonic ones;
(ii) the vacuum of thermal phonons obeys the thermal
state condition (1). The resulting phonon operators have
the following form [21]:
Q†JMi =
∑
j1j2
{
ψJij1j2 [β
†
j1
β†j2 ]
J
M + ψ˜
Ji
j1j2 [β˜
†
1
β˜†2 ]
J
M
+ ηJij1j2 [β
†
j1
β˜†2 ]
J
M + φ
Ji
j1j2 [β1β2 ]
J
M
+ φ˜Jij1j2 [β˜j1 β˜j2 ]
J
M + ξ
Ji
j1j2 [β1 β˜j2 ]
J
M
}
(3)
and they diagonalize the thermal Hamiltonian
H ≃
∑
JMi
ωJi(T )(Q
†
JMiQJMi − Q˜
†
JMiQ˜JMi) (4)
within the TQRPA. The phonon amplitudes ψ, ψ˜, etc.
as well as the phonon energies ω are the solution of the
TQRPA equations. It should be emphasized that in the
zero-temperature limit the TQRPA method turns into
the standard QRPA.
In [17], we have performed a detailed analysis of finite
temperature effects on the spectrum of charge-exchange
thermal phonons. Here we repeat the main conclusions
which remain valid for the charge-neutral excitations as
well. Due to the terms in (3) involving tilde thermal
quasiparticle operators (terms like β†β˜† and β˜†β˜†) the
spectrum of thermal phonons contains negative- and low-
energy states which do not exist at zero temperature.
Since (see [17] for more details) the creation of a tilde
quasiparticle is equivalent to the annihilation of a ther-
mally excited Bogoliubov quasiparticle, the excitation of
the aforementioned "new" phonon states can be inter-
preted as thermally unblocked transitions from nuclear
excited states. Furthermore, both the energies of thermal
quasiparticles and the interaction strength between them
are temperature dependent. As a result, after solving the
TQRPA equations we obtain a temperature-dependent
spectrum of thermal phonons.
Once the structure of thermal phonons is determined,
one can evaluate transition strengths (probabilities) from
the thermal vacuum to thermal one-phonon states. For
a given transition operator T we have
ΦJi =
∣∣〈QJi‖T ‖0(T )〉∣∣2,
Φ˜Ji =
∣∣〈Q˜Ji‖T ‖0(T )〉∣∣2, (5)
where ΦJi and Φ˜Ji are the strengths of upward and down-
ward transitions, respectively. They are connected by the
relationship
Φ˜Ji = exp
(
−
ωJi
T
)
ΦJi, (6)
where ωJi is a positive solution of the TQRPA equations.
This relation links the probabilities to transfer and gain
energy E = ωJi from a hot nucleus. It is interesting to
note that the same relationship between the upward and
downward transition strengths is used in [22] when con-
sidering the thermal strength functions for emission and
absorption of neutrino-antineutrino pairs by hot nuclei.
In [22], the relation results from the principle of detailed
balance. In TFD, it arises from the thermal state condi-
tion imposed on the thermal vacuum. We also would like
to point out that in [22], due to the application of Brink’s
hypothesis, the absorption (upward) strength is consid-
ered to be temperature independent and only the emis-
sion (downward) strength depends on temperature due
to the Boltzmann factor exp(−E/T ). In contrast, within
the present approach, both the upward and downward
transition strengths are temperature dependent.
B. Cross-section at finite temperatures
Deriving the inelastic neutrino-nucleus cross-section at
finite temperature we follow the Walecka-Donnelly for-
malism [23, 24] which is based on the standard current-
current form of the weak interaction Hamiltonian. Then
the temperature-dependent differential cross-section for a
transition from the thermal vacuum to the final thermal
one-phonon state takes the form
d
dΩ
σJi(Eν , T ) =
2G2F
π
E2ν′ cos
2 Θ
2
{
σJCL + σ
J
T
}
. (7)
4Here, GF is the Fermi constant of the weak interaction
and Θ the scattering angle. The Coulomb-longitudinal,
σJCL, and transverse, σ
J
T , terms in Eq. (7) are given by
σJCL = |〈Ji‖MˆJ ±
ωJi
q
LˆJ‖0(T )〉|
2, (8)
σJT =
(
−
q2µ
2q2
+ tan2
Θ
2
)[
|〈Ji‖TˆmagJ ‖0(T )〉|
2+
|〈Ji‖Tˆ elJ ‖0(T )〉|
2
]
− tan
Θ
2
√
−
q2µ
2q2
+ tan2
Θ
2
×
[
2Re〈Ji‖TˆmagJ ‖0(T )〉〈Ji‖Tˆ
el
J ‖0(T )〉
∗
]
, (9)
where qµ = (±ωJi, ~q) (q = |~q| =
√
ω2Ji + 4Eν′Eν sin
2 Θ
2 ))
is the 4-momentum transfer and the notation |Ji〉 is
used to denote both the non-tilde and the tilde states.
The upper sign in the above equations refers to upward
transitions from the thermal vacuum to non-tilde states
(Eν′ = Eν − ωJi), while the lower sign corresponds to
downward transitions to tilde states (Eν′ = Eν + ωJi).
The multipole operators MˆJ , LˆJ , Jˆ
el
J , and Jˆ
mag
J denote
the charge, longitudinal, and transverse electric and mag-
netic parts of the hadronic current, respectively, as de-
fined in [23, 24]. For the vector, axial-vector, and pseu-
doscalar form-factors which describe the internal struc-
ture of the nucleon we use parametrization from Ref. [25]
(see also Ref. [26]).
From Eq. (7), the total cross-section, σ(Eν , T ), as a
function of temperature and incoming neutrino energy
is obtained by integrating over the scattering angle and
summing over all possible final thermal excited states
σ(Eν , T ) = 2π
∑
Ji
∫ −1
1
dσJi
dΩ
d cosΘ
= σdown(Eν , T ) + σup(Eν , T ). (10)
Here, we follow Ref. [6] and split the total cross-section
into two parts: σdown(Eν , T ) describes the neutrino
down-scattering process and includes only transitions to
non-tilde phonon states, while σup(Eν , T ) corresponds to
the neutrino up-scattering associated with transitions to
tilde states.
For inelastic scattering of low-energy neutrinos, i.e.,
in the long wavelength limit ( q → 0), only two multi-
pole operators survive, Lˆ1 and Tˆ
el
1 , which contribute to
1+ transitions. Then the integration over the scattering
angle in Eq. (10) can be performed analytically and, in
view of the detailed balance principle (6), the low-energy
cross-section can be written as
σ(Eν , T ) =
G2F
π
∑
i
′
(Eν − ωi)
2Φi
+
G2F
π
∑
i
(Eν + ωi)
2 exp
(
−
ωi
T
)
Φi, (11)
where Φi is the transition strength for the Gamow-Teller
operator (see Eq. (13) below). The sum
∑
i
′ in the first,
down-scattering, term implies summation over 1+ non-
tilde thermal phonon states with the energy ωi < Eν .
Apparently, for vanishing neutrino energies, Eν ≈ 0, only
the second, up-scattering, term persists at finite temper-
atures. We also note that although the Boltzmann fac-
tor suppresses the contributions of downward transitions
from high-lying thermally excited states, the phase-space
factor (Eν+ωi)
2 acts in the opposite direction and favors
them.
III. RESULTS AND DISCUSSION
The formalism presented above is employed to study
thermal effects on the inelastic neutrino scattering off
the two sample nuclei, 56Fe and 82Ge. The iron isotope
is among the most abundant nuclei at the early stage
of the core-collapse, while the neutron-rich germanium
isotope can be considered as the average nucleus at later
stages [27].
Let us now specify the nuclear Hamiltonian which will
be used in the present study. Like in [13, 17], we ap-
ply a phenomenological Hamiltonian containing separa-
ble particle-hole residual interactions with isoscalar and
isovector parts. We neglect particle-particle interactions
except for the BCS pairing forces. This Hamiltonian
is usually referred to as the quasiparticle-phonon model
(QPM) [28]. For 56Fe and 82Ge, the single-particle ener-
gies and wave-functions are derived from an appropriate
Woods-Saxon mean-field potential [29]. The depth of the
Wood-Saxon potential as well as the pairing strength pa-
rameters are fixed in the same manner as in [13, 17]. In
the obtained single-particle level schemes 56Fe has two
neutron holes in the 1f7/2 subshell and two protons in
the 2p3/2 subshell, while
82Ge has closed 1g9/2 neutron
and 2p3/2 proton subshells. It is notable that the se-
quence of single-particle levels for 82Ge is close to that
used in Ref. [27] for the same nucleus in spite of differ-
ent Woods-Saxon parameterizations. Solving the BCS
equations at zero-temperature we get the proton and
neutron pairing gaps: ∆p(n) = 1.57(1.36) MeV for
56Fe
and ∆p(n) = 1.22(0.0) MeV for
82Ge. Thus, the crit-
ical temperature Tcr ≈ 0.5∆(T = 0) above which the
pairing gap collapses, according to the BCS theory (see
Refs. [30, 31] for more details), is Tcr ≈ 0.8MeV for
56Fe
and Tcr ≈ 0.6MeV for
82Ge.
In the present study, multipoles up to Jπ = 3± con-
tributing to the neutrino-scattering cross-section (7) are
included in the calculations. To generate the thermal
one-phonon excited states, we use both multipole and
5spin-multipole components of the residual interaction
HphM = −
1
2
∑
λµ
∑
τ=n,p
ρ=±1
(κ
(λ)
0 + ρκ
(λ)
1 )M
†
λµ(τ)Mλµ(ρτ),
HphSM = −
1
2
∑
Lλµ
∑
τ=n,p
ρ=±1
(κ
(Lλ)
0 + ρκ
(Lλ)
1 )S
†
Lλµ(τ)SLλµ(ρτ).
(12)
Here M †λµ and S
†
Lλµ are single-particle multipole and
spin-multipole operators [28], and changing the sign of
the isotopic index τ means changing n ↔ p. The ex-
citations of natural parity (π = (−1)J) are generated
by the multipole and spin-multipole L = λ interac-
tions (12), while the spin-multipole interactions with
L = λ ± 1 are responsible for the states of unnatural
parity (π = (−1)J+1). To generate 0+ excitations, we
take into account both the particle-hole residual interac-
tion and the particle-particle interaction stemming from
the pairing part of the Hamiltonian. Here we would like
to emphasize that the inclusion of the particle-particle
residual interaction into the Hamiltonian does not affect
the strength distributions and the cross-sections for tem-
peratures above the critical one.
In contrast to [13, 32], in the present study the ra-
dial form-factors of multipole and spin-multipole opera-
tors in Eq. (12) have the rλ form. We found that this
form of the radial form-factors gives better agreement
with results of relativistic self-consistent QRPA calcula-
tions [26] when comparing multipole composition of the
cross-sections (see the discussion below). The respec-
tive isoscalar and isovector strength parameters, κ
(λ)
0,1 and
κ
(Lλ)
0,1 , are first roughly estimated following Refs. [33, 34]
and then partly refined on the basis of available experi-
mental data. For example, in 56Fe the isovector strength
parameters κ
(01)
1 and κ
(21)
1 are slightly readjusted to re-
produce the experimental centroid energies of the GT−
and GT+ resonances [35, 36]. We find that the isovector
strength parameter κ
(1)
1 estimated according to [34] re-
produces the experimental position of the GDR centroid
(∼ 18 MeV) in 56Fe [37] quite well. In addition, the
isoscalar strength parameters κ
(1)
0 for
56Fe and 82Ge are
fitted to exclude the spurious 1− state due to the center
of mass motion of the nucleus.
A. Zero temperature
Before proceeding to thermal effects we consider the
inelastic neutrino-nucleus cross-sections at zero temper-
ature and perform a comparison with the available re-
sults of other approaches. We note once again that at
T = 0 our calculations are equivalent to the QRPA.
The calculated ground-state cross-sections for 56Fe and
82Ge are shown in Fig. 1 for incoming neutrino ener-
gies Eν = 0 − 60MeV. As one can see in the figure,
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FIG. 1. (Color online) Inelastic neutrino scattering cross-
sections off the ground states of 56Fe and 82Ge as functions
of the incoming neutrino energy Eν . The total cross-sections
include contributions of Jpi = 0±−3± multipoles (solid lines).
The dashed lines show the cross-sections calculated when the
1+ contributions are omitted. The dash-dotted lines display
the 1+ contributions to the cross-sections calculated with the
full q-dependent transition operator whereas the 1+ contribu-
tions calculated with the GT0 operator (13) are shown by the
dash-double dotted lines.
for neutrinos with Eν < 30MeV the total cross-sections
are dominated by 1+ transitions. Due to the energy gap
in the 1+ nuclear states the cross-sections drop rapidly
to zero as the neutrino energy approaches the reaction
threshold. Within the present QRPA calculations, the
lowest 1+ states in 56Fe and 82Ge have energies 4.06 and
2.67 MeV, respectively. Note, that the experimental en-
ergy of the first 1+ excited state in 56Fe is 3.12 MeV.
For the ground-state cross-sections we also analyze the
effect due to the exploitation of the full q-dependent 1+
transition operator instead of its long wavelength limit.
In the latter case the 1+ operator reduces to the Gamow-
Teller operator
GT0 =
(gA
gV
)
~σt0, (13)
where (gA/gV ) = −1.2599 [38] is the ratio of the axial
and vector weak coupling constants and t0 denotes the
zero component of the isospin operator in spherical co-
ordinates. Here we would like to remind that within the
hybrid approach [6, 8, 9], the GT contribution to the
cross-section is obtained by using the large-scale shell-
model calculations. Therefore, to make a comparison
with the hybrid approach calculation more transparent,
we use the same quenching factor for the axial weak cou-
pling constant, g∗A = 0.74gA, when calculating the matrix
elements of the 1+ transition operator.
Let us first demonstrate the calculated QRPA
(quenched) GT0 strength distributions. Referring to
Fig. 2, at zero temperature the GT0 strength is con-
centrated in the resonance state around E = 10MeV.
According to our QRPA calculations, the main contribu-
tion to the GT0 resonance in
56Fe comes from the proton
and neutron single-particle transitions 1f7/2 → 1f5/2. In
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FIG. 2. (Color online) The distributions of the GT0 strength
in 56Fe and 82Ge.
82Ge, the neutron transition 1g9/2 → 1g7/2 also con-
tributes to the resonance. In addition, for both nu-
clei our QRPA calculations predict a weak low-lying
GT0 strength (E ≈ 4MeV) arising from the 2p3/2 →
2p1/2 single-particle transitions. For
56Fe, the gross-
structure of the GT0 strength distribution agrees quite
well with the shell-model results [9], meaning that the
GT0 strength is concentrated in the resonance region
around 10 MeV with a small bump at low energy. The
same good agreement can be found if we compare the
shell-model GT0 distributions for
54Fe (see Ref. [9]) with
our previously reported QRPA result [13]. However, al-
though our calculations reproduce the resonance posi-
tions in 54,56Fe, it is a well-known fact that the QRPA
fails to recover all nuclear correlations needed to correctly
describe the full resonance width and produces only a
part of it, the so-called Landau width. The latter is quite
small for the GT0 resonance. As a result, the fine struc-
ture of GT distributions in the vicinity of the resonance
is not reproduced in our calculations. In this respect the
shell-model calculations are clearly advantageous.
Using the calculated strength distributions we apply
Eq. (11) and calculate the GT contribution to the
ground-state cross-sections. In Fig. 1, these contributions
are shown by the dash-double dotted lines. From the fig-
ure we conclude that for neutrino energies Eν < 20 MeV,
when 1+ transitions dominate the cross-section, applica-
tion of the GT0 operator instead of the q-dependent 1
+
operator is fully justified. However, for neutrinos with
the energy 30 MeV < Eν < 60 MeV the GT0 operator
overestimates the cross-sections by about 25%.
In Table I, we compare the calculated ground-
state cross-sections for 56Fe with those obtained
with the hybrid approach [8], the relativistic self-
consistent QRPA [26], and the QRPA-based framework
from Ref. [39]. The range of incoming neutrino energies
is 10 ≤ Eν ≤ 100 MeV. As it follows from the table,
except for low neutrino energies (Eν = 10 MeV), the
cross-sections of all four models are in good qualitative
agreement. It is interesting to note that for Eν ≥ 20MeV
the present results are generally closer to the hybrid ap-
TABLE I. The cross-sections (in units of 10−42 cm2) for in-
elastic neutrino scattering on the ground state of 56Fe. The
present QRPA results (second column) are compared with
those from [26, 39] and with the hybrid approach results [8].
Eν (MeV) QRPA QRPA[26] QRPA[39] Hybrid[8]
10 1.69(-2) 1.87(-1) 1.01(+0) 1.91(-1)
20 5.64(+0) 9.78(+0) 5.79(+0) 6.90(+0)
30 2.41(+1) 4.08(+0) 1.87(+1) 2.85(+1)
40 6.65(+1) 1.05(+2) 5.51(+1) 7.86(+1)
50 1.49(+2) 2.16(+2) 1.43(+2) 1.72(+2)
60 2.87(+2) 3.89(+2) 3.09(+2) 3.20(+2)
70 4.83(+2) 6.33(+2) 5.63(+2) 5.25(+2)
80 7.36(+2) 9.59(+2) 8.82(+2) 7.89(+2)
90 1.03(+3) 1.38(+3) 1.22(+3) 1.11(+3)
100 1.36(+3) 1.92(+3) 1.52(+3) 1.49(+3)
proach results than the results of the other two QRPA-
based methods.
To explain the discrepancy between our calculations
and those of the hybrid approach at low neutrino en-
ergies, we note that at Eν ≈ 10MeV the calculated
cross-sections are strongly sensitive to the fine details
of the GT0 distribution in the resonance region. As it
was already discussed above, the large-scale shell-model
calculations adequately reproduce the fragmentation of
the GT0 resonance strength whereas the QRPA calcula-
tions predict its much stronger concentration near the
excitation energy E ≈ 10MeV. For this reason, our
cross-section calculated for Eν = 10MeV is considerably
smaller than the hybrid approach result.
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FIG. 3. Relative contributions of multipole transitions Jpi =
0±−3± in the cross-sections for the inelastic neutrino scatter-
ing on the ground-states of 56Fe and 82Ge at incoming neu-
trino energies Eν = 30 and 60 MeV. For
56Fe, the results of
the present analysis (grey bars) are compared with the results
of relativistic self-consistent QRPA calculations (black bars).
The latter are obtained from Fig. 3 in Ref. [26].
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FIG. 4. (Color online) Normalized differential cross-sections
as a function of the scattering angle.
We also study how relative contributions of different
multipoles to the total cross-sections depend on the en-
ergy of incoming neutrinos. In Fig. 3, the relative con-
tributions are shown for Eν = 30 and 60 MeV neutri-
nos. Even at Eν = 30 MeV a largely dominant multi-
pole is 1+, although contributions coming from the other
multipoles are not negligible. For 82Ge this contribution
reaches about 30% of the total cross-section. This is due
to the neutron excess which makes possible spin-dipole
1− and 2− 1~ω transition at relatively low neutrino en-
ergies. The situation is quite different for Eν = 60 MeV
where the multipole transitions Jπ = 1+, 1− and 2− con-
tribute about equally to the cross-sections.
In Fig. 3, we compare the obtained multipole compo-
sition of the cross-section for 56Fe with that from rela-
tivistic self-consistent QRPA calculations [26]. Although
our cross-sections are somewhat smaller than those in
Ref. [26] (compare the second and the third columns of
Table I), one can observe an excellent agreement between
the two models based on rather different backgrounds. In
accordance with Ref. [26], we find that 0+ allowed tran-
sitions only marginally contribute to the inelastic cross-
section and this finding is true for finite temperatures as
well. For this reason, in the discussion below, we will
always mean only the 1+ multipole channel when consid-
ering the allowed transitions.
The angular distributions of the scattered neutrinos
are shown in Fig. 4 for two incoming neutrino ener-
gies, Eν = 30 and 60MeV. To make the presentation
more transparent, we normalize the calculated differen-
tial cross sections to their value at Θ = 0◦. As shown in
the figure, neutrinos scatter predominately in the back-
ward direction. For Eν = 30MeV, when 1
+ transi-
tions dominate, the momentum transfer is small and the
angular dependence of the differential cross-section es-
sentially corresponds to dσ/dΩ ∼ (1 + sin2(Θ/2)) [24].
The small deviation for 82Ge is due to a non-negligible
contribution from the forbidden multipoles (see Fig. 3).
For Eν = 60MeV neutrinos, owing to the dominant
contribution of forbidden multipoles, the backward-to-
forward asymmetry of the differential cross-sections be-
comes more pronounced.
10-4
10-3
10-2
10-1
100
101
56Fe
 
 
T = 0 (g.s.)
 
82Ge
10-4
10-3
10-2
10-1
100
 
T = 0.86 MeV
 
10-4
10-3
10-2
10-1
100G
T 0
 s
tre
ng
th
T = 1.29 MeV
-10 -5 0 5 10
10-4
10-3
10-2
10-1
100
 E  (MeV)
-10 -5 0 5 10
T = 1.72 MeV
FIG. 5. (Color online) Temperature evolution of GT0 strength
distributions for 56Fe (left panels) and for 82Ge (right panels)
vs. transition energy. The latter is equivalent to the neutrino
energy transfer. The arrows indicate the zero-temperature
threshold Eexp(1
+
1 ) = 3.12MeV for inelastic neutrino scatter-
ing off 56Fe.
B. Finite temperatures
Now we turn our discussion to thermal effects on the
inelastic neutrino-nucleus scattering. We start by con-
sidering the temperature evolution of the strength distri-
butions for GT0 transitions which dominate low-energy
neutrino scattering. In Fig. 5, we display on a logarith-
mic scale the GT0 strength distributions at three differ-
ent temperatures relevant in the supernova context [6]:
T = 0.86 MeV corresponds to the condition in the core
of a presupernova model for a 15M⊙ star; T = 1.29 MeV
and T = 1.72MeV relate approximately to neutrino trap-
ping and neutrino thermalization stages, respectively.
The transition energy E refers to the excitation energy of
a thermal one-phonon state and is equivalent to the neu-
trino energy transfer. To make the thermal effects more
visible, the ground-state GT0 distributions are displayed
in Fig. 5 as well.
Since the Brink hypothesis is not valid within our ap-
proach, in Fig. 5 we observe a redistribution of the GT0
strength for upward transitions (E > 0). Namely, at tem-
peratures above the critical one no extra energy has be
paid to break a Cooper pair. Therefore, by virtue of the
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FIG. 6. (Color online) Comparison of the running sums for
GT0 downward strength distributions obtained using (dashed
lines) and without using (solid lines) the Brink hypothesis.
Note, that the values are scaled by a factor of 103 ( T =
0.86MeV) and 102 (T = 1.72MeV).
vanishing of pairing correlations, both the GT0 resonance
and its low-energy tail move to lower energies. Our cal-
culations indicate that, with increasing temperature up
to 1.72 MeV, the resulting resonance energy shift reaches
about 1.5 MeV in 56Fe and 1.2 MeV in 82Ge. It is inter-
esting to note that within the present TQRPA calcula-
tions for 56Fe the low-lying GT0 strength shifts below the
zero-temperature threshold (i.e., below the experimental
energy of the first 1+ state). Furthermore, the thermal
smearing of the nuclear Fermi surface makes low-energy
particle-particle and hole-hole transitions possible which
are Pauli-blocked at zero temperature. Such thermally-
unblocked transitions enhance the low-lying component
of the GT0 distributions and make it more fragmented.
Since the 82Ge nucleus has a larger single-particle level
density near the Fermi surface, the temperature-induced
enhancement and fragmentation of the low-lying GT0 up-
ward strength is more significant than in 56Fe.
Here we would like to stress that the appearance of a
sizeable amount of the low-lying transition strength in
nuclei at T 6= 0 is predicted in all theoretical studies of
hot nuclei. For example, this was found already in one
of the first papers on the subject Ref. [40], where the dis-
tributions of the electric E1 and E3 transitions at T 6= 0
in 208Pb were calculated and in many subsequent studies
(see, e.g., [10, 11, 41]. The same effect is predicted for the
charge-exchange allowed and first-forbidden transitions
as well [17, 27]. For the charge-exchange Gamow-Teller
transitions this feature was also obtained within the shell-
model Monte-Carlo theory [12]. Moreover, shell-model
Monte-Carlo calculations demonstrate that with increas-
ing temperature the centroid of the GT+ resonance shifts
to lower energies.
Focusing our attention on the negative energy down-
ward transitions we observe from Fig. 5 that the corre-
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FIG. 7. (Color online) Upper panels: Total inelastic neu-
trino scattering cross sections for 56Fe and 82Ge at three dif-
ferent temperatures relevant for core-collapse. For compar-
ison the ground-state cross-sections are also shown. Middle
panels: Contributions of forbidden transitions to the finite-
temperature cross-sections. Lower panels: Temperature de-
pendence of the fraction of down-scattered neutrinos in the
thermal enhancement of the cross-section.
sponding GT0 strength increases with increasing temper-
ature. This is just a consequence of detailed balance (6):
the higher the temperature, the more substantial is the
population of nuclear excited states and hence, the higher
is the probability to gain energy from a hot nucleus. Note
that the GT0 strength around Eν ≈ −9MeV can be at-
tributed to the deexcitation of the GT0 resonance. Given
the importance of thermal effects on the upward strength
distributions, it is worthwhile to examine how the viola-
tion of Brink’s hypothesis affects the downward strength.
It is obvious that the shift of the GT0 distributions to
lower energies and the appearance of low-energy transi-
tions should magnify the strength of downward transi-
tions. This effect is clearly demonstrated in Fig. 6 which
shows running sums for the GT0 downward strength dis-
tributions derived by using the Brink hypothesis or not.
The former are obtained from the ground-state (T = 0)
distributions by multiplication with the Boltzmann fac-
tor exp(−E/T ). Referring to the figure, the consider-
able increase of the overall downward strength is mainly
caused by the thermal effects on the low-energy tail in
the GT0 distributions. This is most pronounced at low
temperatures (T = 0.86MeV). However, at high tem-
peratures (T = 1.72MeV) the GT0 resonance becomes
thermally populated and its shift to lower energies also
contributes to the downward strength increase.
The detailed discussion above allows us to under-
9stand better the thermal effects on the inelastic neutrino-
nucleus scattering. In the top panels of Fig. 7, we com-
pare the ground-state cross-sections with those calculated
at the three core-collapse temperatures. As follows from
our calculations, temperature effects are unimportant for
Eν > 20 MeV when neutrinos have sufficiently large en-
ergy to excite the GT0 resonance and collective excita-
tions with other multipolarities. Note that a downward
shift of the GT0 resonance only marginally affects the
cross-sections at such high neutrino energies. However,
as one can see from the plots, the cross-sections signifi-
cantly depend on temperature for low-energy neutrinos.
Namely, the reaction threshold disappears and the cross-
sections are enhanced by up to two orders of magnitude
when the temperature rises from 0.86MeV to 1.72MeV.
It is significant that all these features have pointed out
in [5, 6, 13] as well.
In Fig. 7, we also demonstrate the overall contribu-
tion of the forbidden transitions Jπ = 0−, 1−, 2±, 3± to
the cross-sections. In contrast to hybrid approach cal-
culations [6] their contributions are temperature depen-
dent. However, comparing the upper and middle panels
of Fig. 7, one concludes that the enhancement of the
cross-sections at finite temperatures is essentially due to
thermal effects on the GT0 transition strengths.
At vanishing neutrino energies, Eν ≈ 0, the finite
temperature cross-sections are given by the second, up-
scattering, term in Eq. (11) which accounts for the GT0
downward transitions from thermally excited nuclear
states. As shown in Fig. 5 and pointed out previously,
the strength of such transitions increases with tempera-
ture thereby enhancing the cross-sections. However, in
our approach due to the violation of the Brink hypothe-
sis, the down-scattering part of the cross-section, σdown,
is also temperature dependent and it increases with tem-
perature owing to the thermally unblocked low-energy
GT0 transitions and the downward shift of the GT0 res-
onance. This effect is clearly shown in Ref. [13] for 54Fe.
To analyze relative importance of the two types of neu-
trino scattering processes in the thermal enhancement of
the cross-section, we introduce the ratio α
α =
σup(T )
σ(T )− σg.s.
, (14)
where the difference σ(T ) − σg.s. represents an overall
enhancement of the cross-section due to thermal effects.
Note that within the hybrid approach α = 1, because
σ(T ) = σg.s. + σup(T ) in this approach. We plot the
ratio α in the lower panels of Fig. 7 as a function of
Eν for the selected temperatures. As expected, the ra-
tio α ∼ 1 for low-energy neutrinos and then, with in-
crease of Eν , α gradually decreases indicating a rising
contribution of the up-scattering process to the cross-
section thermal enhancement. It is seen from the plots
that for 5MeV < Eν < 10MeV neutrinos, both from the
up-scattering and down-scattering processes contribute
to the noticeable enhancement of the cross-sections, al-
though their relative importance depends on tempera-
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FIG. 8. (Color online) Comparison of the cross-sections of
neutrino inelastic scattering off the hot nucleus 56Fe calcu-
lated within the present TQRPA approach and the hybrid
approach (Ref. [6], Fig. 11). The solid and dashed lines show
the present results for T = 0.86MeV and T = 1.72MeV,
respectively. The dash-dotted and dash-double-dotted lines
show results from Ref. [6] for the same T values.
ture: the higher the temperature the more important
is the contribution of the up-scattering process. Con-
sequently, even for Eν ≈ 10MeV neutrinos, when the
excitation of the GT0 resonance becomes possible, the
up-scattering component of the cross-section appears to
be comparable with the down-scattering one for temper-
atures T ≥ 1.29MeV.
In Fig. 8, we compare our results for 56Fe with those
obtained within the hybrid approach [6]. The comparison
is made for temperatures T = 0.86 and 1.72 MeV. As one
can see, at Eν < 10MeV there is noticeable disagreement
between the results of the two approaches: The TQRPA
cross-sections are larger by a factor of 2 to 5 than the
hybrid approach ones. To understand the cause of the
discrepancy, we calculate the spectrum of outgoing neu-
trinos scattered off 56Fe at the same temperatures as in
Fig. 8 and compare the results with the hybrid approach
calculations (see Fig. 13 of Ref. [6]). In Fig. 9, the spec-
tra are shown for the same initial neutrino energies as
in Ref. [6]: Eν = 5, 10, and 15 MeV. Note that for a
clearer presentation and for comparison convenience, the
TQRPA spectra are normalized to unity and folded with
the Breit-Wigner function with a width of 1MeV.
At low temperatures, the downward transitions from
the thermally excited GT0 resonance are strongly sup-
pressed by the Boltzmann factor. Therefore, for T =
0.86MeV and Eν = 5MeV the spectrum is dominated
by neutrinos up- and down-scattered due to the low-
energy GT0 transitions. In Fig. 9, such transitions cor-
respond to the sizable peaks in the spectrum at around
Eν′ ∼ (Eν ± 2.5MeV). The dominance of low-energy
up- and down-transitions in the scattering of low-energy
neutrinos off 56Fe at T = 0.86MeV is also supported
by the hybrid approach studies (see the upper-middle
panel of Fig. 13 in Ref. [6]). However, the energy and the
strength of such transitions calculated with the TQRPA
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FIG. 9. (Color online) Normalized spectra of outgoing neutri-
nos for 56Fe at T = 0.86MeV and 1.72MeV and three initial
neutrino energies: Eν = 5MeV (solid line), 10MeV (dashed
line, all values shifted by 0.2), and 15MeV (dash-dotted line,
all values shifted by 0.4). The triangles correspond to the
energy of the incoming neutrino.
and the hybrid approach are different. As discussed in
detail above, within the TQRPA thermal effects shift
the low-lying GT strength in 56Fe to energies below the
zero-temperature threshold (Fig. 5) and significantly in-
crease the strength of the corresponding inverse down-
ward transitions (Fig. 6), thus favoring neutrino inelas-
tic scattering. No such effects are expected within the
hybrid approach due to the application of the Brink hy-
pothesis. For this reason, the low-energy (Eν < 10MeV)
TQRPA cross-section at T = 0.86MeV appears to be
larger than the hybrid approach one. With increasing
energy of incoming neutrinos, the excitation of the GT0
resonance comes into play as evidenced by peaks in the
spectra around Eν′ ∼ (Eν − 9MeV). Consequently,
the cross-section becomes less sensitive to thermal effects
on the low-lying GT0 strength. As a consequence for
Eν > 10MeV we observe excellent agreement between
the TQRPA and the hybrid approach results.
The situation is slightly different for the higher temper-
ature, T = 1.72MeV. Now downward transitions from
the thermally excited GT0 resonance are possible, and
owing to a large phase-space factor they can contribute
significantly to the up-scattering of low-energy neutrinos.
In the spectra this contribution corresponds to the peak
at around Eν′ ∼ (Eν + 9MeV). As indicated in Fig. 6,
at T = 1.72 MeV thermal effects increase the strength of
downward transitions from the GT0 resonance. Although
this increase is not of the same magnitude as for the low-
lying GT0 strength, due to a larger phase-space factor, its
contribution to the cross-section enhancement is substan-
tial. Therefore, one can conclude that at T = 1.72MeV
the joint action of thermal changes in both the low-lying
GT0 strength and the GT0 resonance enhances the abso-
lute value of the TQRPA cross-section at Eν . 10 MeV
in comparison with the hybrid approach. Like for the
T = 0.86MeV case, thermal effects become less impor-
tant for higher neutrino energies, and both approaches
yield very similar results for the cross-sections.
Considering thermal effects on angular distributions of
outgoing neutrinos we find that they are rather unim-
portant. For up-scattered neutrinos these distributions
are only slightly more backward peaked than those for
down-scattered neutrinos owing to the larger momentum
transfer.
IV. CONCLUSION
We have studied thermal effects on the inelastic
neutrino-nucleus scattering in the supernova environ-
ment. The thermal effects were treated within the ther-
mal quasiparticle random phase approximation. The cal-
culations were performed for 56Fe and 82Ge.
We find that the TQRPA calculations do not support
the Brink hypothesis and lead to temperature-dependent
strength distributions for both allowed and forbidden
transitions involved in the neutrino inelastic scattering.
It is shown that thermal effects shift the GT0 centroid
to lower energies and make low-energy GT0 transitions
possible. As a result, in contrast to hybrid approach cal-
culations [6], both the up-scattering and down-scattering
components of the cross-section exhibit a noticeable tem-
perature dependence at low-energy neutrinos.
Our calculations reveal the same thermal effects as the
hybrid approach based calculations. Namely, the reac-
tion threshold for inelastic neutrino-nucleus scattering is
removed at finite temperatures and the cross-section for
low-energy neutrinos is significantly enhanced.
However, the calculated cross-sections for 56Fe at low
neutrino energies are several times larger than those ob-
tained within the hybrid approach. We have shown that
the discrepancy is due to the violation of Brink’s hy-
pothesis in our approach. This is the main result of the
present study. In addition, it has been demonstrated that
the TQRPA approach can be used to study inelastic neu-
trino scattering off massive neutron-rich nuclei at finite
temperatures. Another advantage of our approach is that
it incorporates the detailed balance principle, whereas in
the hybrid approach detailed balance is violated.
There are several directions to improve our approach.
At present, its predictive power is limited by the phe-
nomenological Hamiltonian with schematic separable
residual interactions. It would therefore be desirable
to combine our TFD-based TQRPA method with self-
consistent QRPA calculations based on more realistic
effective interactions. For neutrino scattering and neu-
trino absorption reactions at zero temperature, such cal-
culations were performed recently within the relativis-
tic nuclear density functional theory [26, 42]. This im-
provement would also allow to take into account the ef-
fects of nuclear deformation. For supernova electron-
capture rates in pf -shell nuclei, deformation was recently
included in self-consistent QRPA calculations with the
Skyrme interaction [43]. The other direction of improve-
ment is the inclusion of correlations beyond the TQRPA
by taking into account the coupling of thermal phonons
with more complex (e.g. two-phonon) configurations. At
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zero temperature this problem was considered within the
QPM [28] by exploiting separable schematic effective in-
teractions. However, with the separable approximation
for the Skyrme interaction [44] one could consider phonon
coupling at finite temperatures within a self-consistent
theory.
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